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Commensurability and chaos in magnetic
vortex oscillations
Sebastien Petit-Watelot1,2 , Joo-Von Kim1,2 *, Antonio Ruotolo3,4 , Ruben M. Otxoa1,2 ,
Karim Bouzehouane3 , Julie Grollier3 , Arne Vansteenkiste5 , Ben Van de Wiele6 , Vincent Cros3
and Thibaut Devolder1,2
Magnetic vortex dynamics in thin films is characterized by gyrotropic motion, the sense of gyration depending on the vortex
core polarity, which reverses when a critical velocity is reached. Although self-sustained vortex oscillations in nanoscale
systems are known to be possible, the precise role of core reversal in such dynamics remains unknown. Here we report on
an experimental observation of periodic core reversal during self-sustained vortex gyration in a magnetic nanocontact system.
By tuning the ratio between the gyration frequency and the rate of core reversal, we show that commensurate phase-locked and
incommensurate chaotic states are possible, resulting in Devil’s staircases with driving currents. These systems could have the
potential to serve as tunable nanoscale radiofrequency electrical oscillators for secure communications, allowing schemes such
as encryption by chaos on demand.

V

ortices in magnetic thin films represent a configuration of
magnetic moments, resulting from competing exchange and
dipolar interactions, in which magnetization curls in the film
plane and culminates out of the plane at the centre of the vortex
core1 . The core is compact, typically tens of nanometres wide, and
its dynamics involves damped gyrotropic motion in the film plane.
The gyration frequency depends on the magnetic potential energy,
whereas the sense of gyration is determined by the vortex core polarity p, which describes the handedness of the magnetization state2 .
Steady-state gyration is possible by means of resonant excitation,
for example, by driving the system with alternating magnetic
fields3,4 or currents5 , or by compensating intrinsic energy losses
due to magnetic damping, for example, through spin transfer
torques6–10 , leading to self-sustained oscillations. In the latter,
the torques originate from the exchange interaction between
magnetization and a spin-polarized electrical current, which occurs
in multilayers11,12 and continuous systems in which magnetization
gradients exist13,14 . The compact nature of the core, combined
with the tunability in the gyration frequency afforded by applied
currents and fields, underpins many recent proposals for nanoscale
radiofrequency oscillators based on magnetic vortices.
An example of spin-torque-driven vortex oscillations occurs
in magnetic nanocontacts6–8 . In these systems, the large current
densities required for spin torques are attained by passing an
electrical current into an extended spin valve through a metallic
point contact, typically tens of nanometres in size (Fig. 1a).
Although the currents flowing through and underneath the
nanocontact are largely perpendicular to the film plane, only
in-plane components survive farther from the nanocontact owing
to the way electrical contacts are made15 . The perpendicular
currents generate a large Oersted–Ampère field with a circulating
configuration around the nanocontact, which favours a vortex
state in the free magnetic layer through the Zeeman interaction.

This interaction also generates a confining potential for the
core, whose minimum is centred about the nanocontact. For
electron flow away from the nanocontact (I > 0), spin torques
associated with in-plane currents14 drive the vortex core away
from the nanocontact, whereas magnetic damping leads to motion
of the core towards the nanocontact centre. As a result of
these competing forces, self-sustained vortex gyration around
the nanocontact can take place (Fig. 1b). Unlike dynamics in
nanopillars in which vortex motion is physically constrained, these
steady-state orbits can reach a few hundred nanometres and occur
outside the nanocontact region itself 7 . In such cases the, freelayer magnetization remains largely uniform under the contact
and rotates with the vortex gyration, leading to an appreciable
time-varying giant magnetoresistance (GMR) signal.
One unexplored aspect of large-orbit oscillations is the critical
core velocity. When this value is attained, the core magnetization
switches its orientation through a process of vortex–antivortex
pair creation and annihilation5,16,17 , resulting in energy dissipation
through spin waves18 . This occurs because the core becomes
deformed as it moves, developing a dip structure in which
magnetization is oriented antiparallel to the core polarity19,20 ,
and this deformation develops an instability when the critical
velocity is reached. Furthermore, this dip is amplified in the
presence of in-plane currents21 . Although core switching can be
initiated by resonant a.c. electrical currents5 , tailored microwave
field pulses22,23 or spin waves24 , its occurrence in self-sustained
oscillations has not been reported so far. An interesting question
involves whether periodic reversal of the core polarity could
occur through a sequence of outward spiralling trajectories and
reversal events if steady-state gyration were maintained in a selfoscillatory system (Fig. 1c). This behaviour would be analogous
to relaxation oscillations seen in threshold or integrate-and-fire
oscillators, whereby energy is released discontinuously after the
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Figure 1 | Schematic illustration of vortex dynamics in magnetic nanocontacts. a, Multilayer composition of the pseudo spin valve studied, with numbers
in parentheses indicating thicknesses in nanometres. b, Gyrotropic motion of the vortex in the permalloy (Py) layer, with uniform magnetization in the
cobalt layer. A GMR signal arises from the variation of the relative magnetization orientations in the nanocontact area. c, Successive instances of vortex
gyration and vortex core reversal. As the core spirals out from the nanocontact, its angular frequency decreases slightly but its linear velocity increases.
When the critical velocity is reached, core reversal occurs, dissipating energy through spin waves, and the gyration restarts with an opposite sense of
rotation. d, Schematic comparison of the periods for steady-state gyration and relaxation oscillations (periodic core reversal), highlighting the issue of
commensurability. x represents the vortex core position and |v| the vortex speed. e,f, Measured power spectra and time traces (shown in inset) without (e)
and with (f) relaxation oscillations.

system gradually charges and reaches a threshold value (see, for
example, ref. 25). In the present case, relaxation oscillations would
occur in the core velocity (Fig. 1d).
To elucidate the coexistence and possible interaction between
the gyrotropic and relaxation modes, we studied vortex dynamics
in the nanocontact system shown in Fig. 1a. It consists of a metallic
point contact, fabricated using a nanoindentation technique with
a conductive-tip atomic-force microscope26 , on a continuous film
comprising a pseudo spin-valve multilayer composed of 20 nm of
Ni80 Fe20 alloy, 10 nm of Cu and 20 nm of Co. The cobalt layer is the
reference layer and the permalloy layer is the free layer in which
vortex dynamics takes place. Some representative voltage power
spectra showing vortex dynamics are given in Fig. 1e,f. These spectra
were obtained in a perpendicular applied field of µ0 H = 13 mT,

following an initialization procedure (see Methods). Well-defined
spectral peaks are seen, with the fundamental frequency f0 well
in the sub-gigahertz range. Two distinct behaviours are observed.
In a low-current regime, the power spectrum comprises the
fundamental with higher harmonics, where the power in each peak
decreases with each higher harmonic (Fig. 1e). The time trace of
the voltage oscillation in this regime (Fig. 1e inset) reveals a signal
that is strongly non-sinusoidal, which suggests a non-circular orbit
around the nanocontact. This behaviour has been observed in
previous studies on nanocontact vortex oscillators6,7 . In contrast,
a modulation effect is seen for higher currents (Fig. 1f), whereby
sidebands occur around the fundamental mode. This effect is also
apparent in the time-domain traces, where a clear modulation in the
signal amplitude can be seen (Fig. 1f inset).
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Figure 2 | Experimental power spectrum of the nanocontact vortex oscillator. a, Colour map of the PSD as a function of current, where modulation of the
main frequency branch is visible with different modulation rates. b, Variation of the ratio between the modulation and central frequencies as a function of
applied current, where plateaux indicate phase-locking between the gyration and modulation. c, Signal coherence time as a function of applied current
around the fmod /f0 = 1/2 plateau, showing a strong improvement in coherence as the system is driven towards a phase-locked state.

We attribute this modulation to the periodic reversal of the
vortex core, that is, relaxation oscillations. As the radius of vortex
gyration remains almost constant in the low-current regime27,28 ,
core reversal first occurs (with increasing currents) when the
angular frequency of gyration leads to a linear speed for the vortex
core that reaches the critical value. For our experimental system, we
identify an onset current of 10.3 mA at which relaxation oscillations,
and therefore modulation sidebands, first occur. This can be seen
in Fig. 2a, where the variation of the power spectrum with applied
current, I , is represented as a colour map. Below this onset current,
the fundamental frequency shows a quasi-linear variation with the
applied current, as reported in previous work6,7 . The region above
10.3 mA represents the behaviour reported here, where sidebands
gradually fan out from the fundamental mode and settle into
distinct branches at different current intervals.
To understand the origin of these branches, we plot the ratio
between the modulation and central frequencies, fmod /f0 , as a
function of current in Fig. 2b. Above the onset current, fmod /f0
increases monotonically with current, but a number of plateaux
occur at different current intervals. Clear plateaux are seen at
fmod = f0 /5, fmod = f0 /3 and fmod = f0 /2, at which large power is
seen in the sidebands (Fig. 2a). Weaker plateaux are also seen
at fmod = f0 /8 and fmod = f0 /4. These plateaux suggest a phaselocking phenomenon between the gyrotropic motion and the
modulation. Outside the plateaux in fmod /f0 the sidebands fan
out from the central peak, which corresponds to a modulation
that is incommensurate with the central frequency, whereas at the
plateaux the modulation frequency is locked to a specific fraction
of the central frequency. As Fig. 2b shows, this locking persists
over large intervals in which the central frequency is varied by a
few hundred megahertz.
A key signature of phase-locking is the increased phase coherence
of the oscillation signal in the phase-locked state. To confirm this,
we focused on the current interval from 15 to 16 mA, that is,
684

around the phase-locking plateau of fmod = f0 /2, where we measured
averaged time traces of the voltage oscillations. As these traces are
proportional to the voltage autocorrelation function, the envelope
of the averaged signal can be fitted with a decaying exponential,
hv(t )v(0)i ∼ exp(−t /τc ), where the time constant τc is a direct
measure of the signal coherence. The variation of this coherence
time with current is given in Fig. 2c, with the inset showing a
representative fit of the measured signal envelope to a decaying
exponential. We observe a strong improvement in the coherence
time as the system is gradually driven above fmod = f0 /3 towards
the fmod = f0 /2 plateau with increasing current, as expected of a
phase-locking phenomenon.
These modulation and phase-locking phenomena can be
explained as follows. When the vortex reaches the critical velocity
its polarity reverses, leading to a decrease in the orbital radius,
as illustrated in Fig. 1c. The vortex then gyrates in the opposite
sense until it attains the critical velocity again. The points at which
core reversal takes place determine whether phase-locking occurs: if
core reversal occurs after an integer number of orbital revolutions,
then phase-locking occurs; otherwise, the modulation afforded by
the periodic core reversal is incommensurate with the gyration
frequency, resulting in modulation sidebands that fan out from the
central frequency peak. The nature of the vortex orbit is therefore
an important factor in determining the commensurability of the
gyration and relaxation oscillation frequencies (Fig. 1d).
To explore this scenario in more detail, we performed
micromagnetic simulations of the vortex dynamics in a magnetic
nanocontact under the same conditions as those used in the
experiment (see Methods and Supplementary Information). By
following the same experimental procedure to nucleate vortex
oscillations, we computed the map of the power spectral density
(PSD) for the same current interval as studied in the experiment,
which is shown in Fig. 3a. The results demonstrate a good
quantitative agreement between the simulated and experimental
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Figure 3 | Calculated power spectra from micromagnetics simulations. a, Colour map of the PSD as a function of current. b, Variation of the ratio between
the modulation and central frequencies as a function of applied current, where plateaux indicate phase-locking between the gyration and modulation.
c, Calculated vortex trajectories around the nanocontact for four different phase-locked regimes, with core-reversal events indicated.

frequencies, and confirm that the modulation originates from
periodic core reversal, through sequences as shown in Fig. 1c. The
current dependence of the calculated fmod /f0 ratio is given in Fig. 3b.
The simulations reproduce all the experimentally observed locking
ratios, with relatively good agreement on the current intervals
at which they occur. There are also a number of locking ratios
seen in the simulation that are absent in the experiment, notably,
fmod /f0 = 1/9, 1/6, 2/7. The absence of these plateaux can be
attributed either to thermal noise, because fluctuations in the vortex
trajectories over long time scales result in incoherent modulation
and broad sidebands in the power spectra29 , or to a difference
between the experimental and simulated vortex trajectories.
The calculated vortex trajectories are presented in Fig. 3c. In
the low-current regime an off-centred elliptical trajectory is found,
with typical distances of 100–200 nm from the nanocontact, where
the elongated shape results from the presence of a remnant
antivortex created during the nucleation process. Although the
antivortex is artificially pinned by the grid edge in the simulations,
we contend that material defects will lead to similar pinning in
the experimental system30 . In any event, the proximity of the
antivortex to the orbital dynamics is critical for describing the
oscillation frequencies and phase-locking behaviour quantitatively,
because pure circular orbits without an antivortex result in power
spectra that differ qualitatively from the experimental data (see
Supplementary Information). At higher currents (and consequently
for faster vortex motion), the elliptical shape means that the critical
velocity (∼300 m s−1 ) is first attained only at specific points along
the orbit, as indicated by the jumps in the trajectories in Fig. 3c.
These orbits shrink progressively with increasing currents owing to
a corresponding increase in angular frequency of the orbital motion,
which means that the critical velocity is attained for progressively
smaller orbital radii. However, the points at which core reversal
occurs only vary slightly with the current.

The modulation and phase-locking phenomena are a result
of the competing frequencies (or periods) of the gyrotropic
and relaxation oscillations (Fig. 1d). Analogous effects occur in
other physical systems, for example, in the competing spatial
periods of surface potentials and adatoms in the Frenkel–
Kontorowa model31 , which fall into a broader class of phenomena
involving commensurate–incommensurate phase transitions32 .
These are characterized by transitions between commensurate and
incommensurate states, which are described by a winding number
Ω , representing the ratio between the competing frequencies
present. Whether Ω is rational or irrational determines whether the
state is commensurate or incommensurate, respectively. Here, we
can associate Ω = fmod /f0 , with Ω (I ) being referred to as a Devil’s
staircase32 . As ∂ Ω /∂I = 0 everywhere except at the steps between the
plateaux, the staircase in Fig. 3b is referred to as a harmless staircase
because transitions take place only between commensurate states,
with no evidence of any incommensurate states present.
It is pertinent to enquire how the nature of the staircase changes
if the perpendicular applied field, H , is varied, because the gyration
frequency depends not only on its magnitude but also on how the
core magnetization is oriented with respect to it, that is, on the sign
of the core polarity p (ref. 33). By varying the applied field, the ratio
between the p = +1 and p = −1 orbital frequencies is also modified
at constant current, which allows different values of fmod /f0 to be
probed. The calculated staircases for three values of decreasing
applied fields are presented in Fig. 4a. Whereas certain locking
ratios remain present at all fields considered, incommensurate
states occur as the field is reduced. Furthermore, the current
intervals in which these states occur broaden at low fields, the
most striking of which occurs between 13.9 and 14.7 mA in zero
field. Note that ∂ Ω /∂I 6= 0 for the incommensurate states, in
contrast to the plateaux describing the commensurate (phaselocked) states, because the modulation due to relaxation oscillations
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Figure 4 | Simulated Devil’s staircases and chaotic states. a,b,c, The current-dependence of the winding number fmod /f0 for three applied perpendicular
field values: µ0 H = 10 mT (a); µ0 H = 5 mT (b); µ0 H = 0 (c). Filled (red) circles denote commensurate states; open (white) circles denote incommensurate
states. d,e, A sample time trace of one in-plane component of total magnetization, mx , and its corresponding power spectrum for a commensurate state
with fmod /f0 = 2/5 (d) and an incommensurate (chaotic) state with fmod /f0 ≈ 0.44432 (e). The currents at which the spectra in d and e are taken are
indicated by arrows in b and c, respectively.

can vary arbitrarily with respect to the gyration frequency. This is
characteristic of an incomplete Devil’s staircase.
To examine the nature of the incommensurate state, we compare
the simulated time traces of a commensurate state of fmod /f0 =
2/5 under an applied field of µ0 H = 5 mT (Fig. 4d), with an
incommensurate state of fmod /f0 ≈ 0.44432 in zero field (Fig. 4e).
As these two states occur at similar currents and fields, they
involve similar dynamics. As the time trace in Fig. 4d shows,
the commensurate state comprises a repeating motif of three
p = +1 rotations followed by two p = −1 rotations, resulting in
the locking ratio of 2/5. In stark contrast, the incommensurate
state is characterized by waveforms with no clear repeating motifs.
For example, the distinctly large oscillation that occurs every
five periods in the fmod /f0 = 2/5 state (Fig. 4d) seems to be
randomly distributed in the fmod /f0 ≈ 0.44432 state (Fig. 4e). We
verified that this behaviour persists up to 5 µs of simulation
time and involves dynamics that is sensitive to initial conditions
(see Supplementary Information). These are characteristic of a
chaotic state, where discommensurations are randomly distributed
with no noise present32 . This point is well illustrated in the
power spectra, which are given below each time trace in Fig. 4d,e.
We observe narrow spectral peaks with well-defined sidebands
for the commensurate case, where the spectral linewidth results
only from the finite simulation time. In contrast, significant
line broadening occurs for the incommensurate case, despite the
theoretical frequency resolution of 500 kHz for the computed
686

spectra. In the latter, line broadening results from an athermal
noise, a key feature of temporal chaos.
This chaotic oscillation phase could find applications in
secure communications. One possible scheme involves encryption
through chaos, whereby the unpredictability stemming from the
chaotic dynamics is used to bury information, resulting in a
signal that would be perceived as noise by an eavesdropper34 .
For such schemes to work, the chaotic oscillators employed by
the sender and the recipient need to be synchronized35 . Although
this aspect has not been investigated for the system presented
here, it is known that similar magnetic vortex oscillators can
phase-lock to driving currents36,37 . We suggest that nanocontact
vortex oscillators could provide an important system to realize such
schemes, as they are agile27,29 and operate at frequencies relevant
for telecommunications. In this light, these nanoscale electrical
oscillators could be useful for providing hardware-based encryption
methods in mobile applications.

Methods
The nanocontacts are fabricated on top of flat pseudo spin-valve multilayers
with the composition Co (reference layer, 20 nm)/Cu (10 nm)/permalloy (free
layer, 20 nm), with a nominal contact diameter of 20 nm following the methods
described elsewhere8 . The device and its series electrodes have a resistance of 20 
in the parallel state and a GMR of 1R = 50 m. The coercivities of the free and
reference layers are 0.5 mT and 1.3 mT, respectively. The pseudo spin valve is
electrically shorted to an on-chip ground, and the nanocontact is connected to
the coaxial cables through millimetre-long wire bonds. Experiments show that the
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nanocontact can support applied currents of up to 16 mA without suffering any
measurable degradation. All experiments performed on these samples therefore
have an upper limiting current of 16 mA.
The vortex dynamics is inferred from the time-varying GMR signal of the
entire spin-valve stack. The spectrum of the voltage oscillations was measured in
the frequency domain with a spectrum analyser and in the time domain with a
single-shot oscilloscope38 . All measurements were performed at room temperature.
For signal averaging, the trigger condition was applied after frequency filtering to
isolate the spectral line of lowest frequency in the signal.
To initiate the vortex oscillations in the experiment, a current of 16 mA was
first applied to the nanocontact. This represents typically the largest current that can
be applied without damaging the nanocontact studied, but is insufficient to directly
promote vortex nucleation in the permalloy layer39 . Next, a large in-plane field was
applied to saturate the free-layer magnetization along one direction, and the field
was then slowly ramped down to zero and reversed. When the applied field crossed
the coercive field of the permalloy layer, we observed large peaks in the power
spectrum of the voltage signal, with central frequencies in the range of a few hundred
megahertz; these peaks are attributed to the gyrotropic motion of a vortex around
the nanocontact. In this scenario, at the moment the magnetization reverses, a domain wall sweeps across the nanocontact area and a vortex-like structure is captured
by the Zeeman energy potential, associated with the Oersted–Ampère field generated by the current. The power spectra were then acquired for decreasing currents
from the initial value of 16 mA in a magnetic field of 13 mT, applied perpendicularly
to the film plane. No hysteresis in the power spectra was seen for increasing currents.
The micromagnetic simulations consist of solving the Landau–Lifshitz
equation of motion for the dynamics of the permalloy free layer at zero
temperature, with Gilbert damping and in-plane spin-torque terms, using the
software package MuMax40 . The simulated region is square and has dimensions
of 1,280 × 1,280 × 20 nm, discretized with 512 × 512 × 1 identical finite difference
cells. For the material parameters, we used a saturation magnetization (Ms ) of
800 kA m−1 , an exchange constant (A) of 10 pJ m−1 , a Gilbert damping constant
(α) of 0.013 and a spin polarization (P) of 0.5. For a subset of the applied currents
studied, we verified that discretizing along the film thickness using 2.5-nm-thick
cells (with 512×512×8 finite difference cells) led to the same dynamics. To simplify
the problem, we neglected the non-adiabatic spin-torque term for all the simulations
presented here. However, we have checked that its inclusion (using realistic values
of β) did not lead to any significant differences for the oscillation frequencies, as
expected from theory28 . The spatial distributions of the applied current and its
associated Oersted–Ampère field were computed using a finite-element method15 ,
and were subsequently integrated into the micromagnetics simulations.
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